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1 Introduction
Understanding the parton structures of hadron is one of the outstanding problem in Quan-
tum ChromodyDynamics (QCD). TMD PDFs and FFs describe the distribution of parton
transverse momentum inside a hadron in parton scattering or decay. Their knowledge is es-
sential to our understanding of the confined motion of parton in nucleons [1–3]. Thanks to
factorization and evolution [4–15], TMD PDFs and FFs also enter high precision theoretical
prediction for a large variety of observables at high energy colliders. From pure theoretical
point of view, TMD PDFs and FFs are also interesting since they represent light-cone cor-
relation of quantum fields with intrinsic space-like and time-like origin, respectively. Their
transparent definition in terms of light-cone correlator also allow higher-order perturbative
calculation, from which one can uncover interesting analytic structure of the correlators.
In the past decade perturbative calculations for TMD distributions have seen rapid de-
velopment. Next-to-Next-to-Leading Order (NNLO) corrections to TMD PDFs are first ob-

















kinemtical limit [16, 17]. Direct calculation of TMD PDFs and FFs from their light-cone
operator definition is difficult due to the existence of unregulated rapidity singularities.
Much efforts have been devoted to the inclusion of rapidity regulator and its associated
rapidity factorization [7, 9, 12, 13, 15, 18–22]. Using rapidity regulators, direct computa-
tion of TMD PDFs and FFs at NNLO have since become available [23–28]. The progress
in NNLO calculation for TMD distributions have allowed many cutting-edge calculations
for phenomenology, including fixed-order calculation at NNLO and beyond [29–34] and
resummation for large logarithms at small qT at unprecedented N
3LL accuracy [34–41].
We also note that perturbative calculation for TMD quantities suitable for lattice calcula-
tion [42–45] has also made important progress recently [46].
Recently a first step towards N3LO TMD distributions have been achieved in [47] by
calculating the unpolarized quark TMD PDFs, extending and significantly improving upon
the methods in [26, 27]. Subsequently, both unpolarized quark and gluon TMD PDFs are
obtained in [48], based on an independent method from [49]. In this paper we continue
our calculation in [47], and present the N3LO results for unpolarized quark TMD FFs, and
unpolarized gluon TMD PDFs and FFs. We also present the results for unpolarized quark
TMD PDFs from [47] for completeness.
Our method for calculating the unpolarized gluon TMD PDFs follows [47]. In order
to obtain the results for TMD FFs, we adopt a strategy of analytic continuation proposed
in [50]. The crucial observation is that although TMD PDFs or FFs are not themselves
analytic function of momentum fraction, but the building blocks, space-like and time-like
splitting amplitudes, are. At N3LO, there are four distinct contributions to TMD PDFs
or FFs, namely the triple real part, the double real-virtual part, the double virtual-real
part, and the virtual squared-real part. Ref. [50] shows that (a) the analytic continuation
for the triple real part is trivial since it doesn’t involve loop integrals; (b) the analytic
continuation for the double real-virtual is also trivial at this order since the continuation
of virtual loop only generate iπ terms which cancel in the sum with complex conjugate.
(c) the analytic continuation of double virtual-real part and virtual squared-real part is non-
trivial. But they are also simple to calculate since they only involve a one-particle phase
space integral. It is suggested in [50] that one can calculate these two parts using the
corresponding space-like or time-like splitting amplitudes, instead of trying to analytically
continue them. Using this approach, ref. [50] determines the complete time-like splitting
functions at NNLO from the space-like counterpart, including the off-diagonal P
T (2)
qg , which
cannot be completely fixed with previous methods [51–53]. With the complete NNLO
time-like splitting functions, ref. [50] also provides striking evidence for the existence of
a generalized Gribov-Lipatov reciprocity relation between space-like and time-like QCD
splitting functions in both non-singlet and singlet sector through NNLO. In this paper we
use the idea of ref. [50] to determine not just the splitting functions, but the full time-like
TMD FFs through N3LO. Our results for TMD PDFs and FFs are written in terms of
familiar harmonic polylogarithms [54] up to transcendental weight 5 and allow convenient
analytical and numerical manipulation. We provide analytic expression for TMD PDFs and
FFs in the threshold limit (x , z → 1) and high energy limit (x , z → 0). In the high energy

















enhancement as the in the case of TMD PDFs. A recent discussion of the enhanced double
logarithms can be found in [55]. We resum the large ln z terms in TMD FFs to the third
order in the expansion of strong coupling, following the method of Vogt [56, 57]. We note
that a different method based on celestial BFKL equation has also been developed to resum
the time-like small-z logarithms to NNLL in [55].
The structure of this paper is as follows. In section 2 we give the necessary operator
definition and renormalization for TMD PDFs and FFs. In section 3 we present the N3LO
results for unpolarized quark and gluon TMD PDFs and FFs. Since the expressions are
lengthy, we present in the text only a numerical fit to these functions, valid to 0.1 percent
in the range of 0 < x , z < 1. The full analytic expressions are provided as supplementary
material attached to this paper. We also give the analytic expressions in the threshold
limit in this section. In section 4 we investigate the high energy limit of TMD PDFs and
FFs, x , z → 0. We provide explicit analytic expressions, showing that TMD FFs are more
singular than TMD PDFs from fixed-order point of view, namely double logs in contrast
to single logs. We resum the small z logarithms for TMD FFs to the third order in the
expansion of αs. We conclude in section 5.
2 Definition of quark and gluon TMD PDFs and FFs
In this section we give the necessary operator defintion for unpolarized quark and gluon
TMD PDFs and FFs. We also give the renormalization counter terms and specify the
zero-bin subtraction.
2.1 Operator definitions for TMD PDFs
We begin with the bare TMD PDFs for unpolarized quark and gluon, which can be defined
in terms of SCET [58–62] collinear fields















−P +〈N(P )|Aa,µn⊥(0, b
−, b⊥)A
a,ν
n⊥(0)|N(P )〉 , (2.1)
where N(P ) is a hadron state with momentum P µ = (n̄ · P )nµ/2 = P +nµ/2, with
nµ = (1, 0, 0, 1) and n̄µ = (1, 0, 0, −1), χn = W
†
nξn is the gauge invariant collinear quark
field [63] in SCET, constructed from collinear quark field ξn and path-ordered collinear




−∞ ds n̄ · An(x + n̄s)
)
, and Aa,µn⊥ is the gauge invariant
collinear gluon field with color index a and Lorentz index µ.
For sufficiently small b⊥, the TMD PDFs in eq. (2.1) admit operator product expansion
onto the usual collinear PDFs,







Ibareqi (ξ, b⊥) φ
bare
i/N (x/ξ) + power corrections ,


























where the summation is over all parton flavors i. The perturbative matching coefficients
Ibareqi (ξ, b⊥) and I
bare,µν
gi (ξ, b⊥) in eq. (2.2) are independent of the actual hadron N . In
practical calculations, one can replace the hadron N with a partonic state j. Furthermore,
the usual bare partonic collinear PDFs are just φbarei/j (x) = δijδ(1 − x), therefore
Ibareqi (x, b⊥) = B
bare
qi (x, b⊥) , I
bare,µν
gi (x, b⊥) = B
bare,µν
gi (x, b⊥) (2.3)
up to power correction terms.
For gluon coefficient functions, one can perform a further decomposition into two
independent Lorentz structures in d = 4 − 2ǫ dimension,
Ibare,µνgi (ξ, b⊥) =
gµν⊥
d − 2












gi (ξ, bT ) , (2.4)
where we have defined two scalar form factors, Ibaregi , the unpolarized gluon coefficient func-
tions, and I
′bare
gi , the linearly-polarized gluon coefficient functions. They can be projected
out using




gi (ξ, b⊥) ,
I ′
bare










Ibare,µνgi (ξ, b⊥) , (2.5)
with b2T = −b
2
⊥ > 0 and bT =
√
b2T . We focus on unpolarized TMD distributions for
the current paper, and the results for the linearly-polarized gluon distribution are left for
future work.
2.2 Operator definitions for TMD FFs
To specify the definition for gluon TMD FFs, it is necessary to specify a reference frame
first. This is in contrast to PDFs, where the incoming hadron provides a canonical reference
frame for transverse momentum. In the case of TMD FFs, two different frames can be
defined, the hadron frame and the parton frame [12, 26, 27]. In the hadron frame, where
the detected hadron has zero transverse momentum, an operator definition for gluon TMD





























where P µ = (n̄ · P )nµ/2 = P +nµ/2 is the momenta of the final state detected hadron.
Again, we focus on unpolarized partonic TMD distributions, the projection to unpolarized
gluon distributions as in eq. (2.4) is understood from now on.
In practical calculations, in particular for FF renormalization, it’s also convenient to

















the fragmentation has zero transverse momentum. The parton frame TMDFFs are related
to the hadron frame ones by [12, 26]
Fbarej/i (z, b⊥/z) = z
2−2ǫDbarej/i (z, b⊥) , (2.7)
where we denote the bare partonic TMD FFs in the parton frame by Fbarej/i . Our N
3LO
results for TMD FFs will be given in the hadron frame, by choosing the argument of the
parton frame coefficient to be b⊥/z.
2.3 Renormalization counter terms and zero-bin subtraction
The TMD PDFs or TMD FFs, as well as their matching coefficients, contain both UV and
rapidity divergences. We adopt dimensional regularization for the UV, and exponentional
regularization [21] for the rapidity divergences. After coupling constant renormalization
in MS scheme, the αs-renormalized matching coefficients still contains overlapping contri-
butions between collinear and soft modes which is removed by a zero-bin subtraction [64].
After this, the remaining UV divergences are removed by multiplicative renormalization
counter terms. After UV subtraction and zero-bin subtraction described above, the TMD
PDFs or FFs still contain collinear divergence due to the tagged hadron in initial state or










































































































































































































ij is the (n + 1)-loop space-like splitting function [65, 66], which are also known
to the same accuracy in a massive environment [67, 68]. P
T (n)
ij is the (n + 1)-loop time-like
splitting function [50–53], and the symbol ⊗ is denoted as the convolution of two functions





f(ξ, · · ·) g(z/ξ, · · ·) . (2.10)
The steps above can be summarized as the following collinear factorization formulas
1
ZBi





Iik(x, b⊥, µ, ν) ⊗ φkj(x, µ) ,
1
ZBi





djk(z, µ) ⊗ Cki(z, b⊥/z, µ, ν) . (2.11)
where Bbarei/j (F
bare
j/i ) and S0b(αs) are the bare TMD PDFs (FFs) and bare zero-bin soft func-
tion, and ZBi (see in section C) are the multiplicative operator renormalization constants
for i = q, g. All the quantities are expressed in terms of the renormalized strong coupling
αs. The zero-bin soft function is the same as TMD soft function, which is known to N
3LO
in ref. [69]. Note also that the time-like TMD soft function is identical to the space-like
one [70, 71] up to this order, so we have a universal soft function up to O(α3s).
3 N3LO coefficients for unpolarized quark and gluon TMDs
In this section we give our results for coefficient functions Iij and Cij . We give only a
numeric fit to these functions in the paper, but the full analytic expressions can be found
in the supplementary material. For TMD FFs, we give the results for Cij with an argument
b⊥/z, which after divided by z
2 are exactly the results in the hadron frame, see eq. (2.7).
3.1 Renormalization group equations
The renormalized coefficient functions obey the following RG equations
d
d ln µ













Ijk(x, b⊥, µ, ν) ⊗ Pki(x, αs(µ)) , (3.1)
d
d ln µ













P Tik(z, αs(µ)) ⊗ Ckj(z, b⊥/z, µ, ν) . (3.2)
The rapidity evolution equations are [15, 72]
d
d ln ν











Iji(x, b⊥, µ, ν) ,
d
d ln ν





























Expanding the perturbative coefficient functions in terms of αs/(4π), the solution to these
evolution equations up to O(α3s) reads,
I
(0)
ji (x,b⊥, µ,ν) = δjiδ(1−x) ,
I
(1)












































































































































































































































































































































































































































ji (x) , (3.4)
where in I
(3)
ji we have used γ
R
0 = 0 to simplify the expression and I
(n)
ji (z) are the scale-





, LQ = 2 ln
x P+
ν
, Lν = ln
ν2
µ2
, b0 = 2e
−γE . (3.5)
Similarly, the solution to the fragmentation coefficient functions are
C
(0)
ji (z,b⊥/z, µ,ν) = δjiδ(1−z) ,
C
(1)












































































































































































































































































































































































































































ji (z) . (3.6)
We stress again that due to the chosen argument, the expressions given above are for
TMD FFs in the hadron frame. The anomalous dimensions appeared above are identical
to those in space-like case and we have suppressed their dependence on the exact flavor.





, LQ = 2 ln
P+
z ν
, Lν = ln
ν2
µ2
, b0 = 2e
−γE , (3.7)
which differ from thsoe in eq. (3.5) only in LQ. Both space-like and time-like coefficient
functions depend on the rapidity regulator being used. Rapidity-regulator-independent
TMD PDFs and TMD FFs can be obtained by multiplying the coefficient functions with
the squared root of the TMD soft functions S(b⊥, µ, ν) [26, 27]
f⊥,ij(x, b⊥, µ) = Iij(x, b⊥, µ, ν)
√
S(b⊥, µ, ν) ,
g⊥,ij(z, b⊥/z, µ) = Cij(z, b⊥/z, µ, ν)
√
S(b⊥, µ, ν) . (3.8)
3.2 Numerical fits of the N3LO coefficients
The analytic expressions for the coefficient functions will be provided in the supplementary
material attached to this paper. In this section we will present their numerical fits.
The coefficient functions develop end-point divergences both in the threshold and high
energy limit. We first present here the results for leading threshold limit. The results for






















where γR1(2) are the two(three)-loop rapidity anomalous dimensions [69, 73]. The relation

















75]. The explicit expressions up to three-loop read [47]
I(1)qq (z) = C
(1)
qq (z) = 0 ,






































































































3.2.1 Numerical fit for TMD PDFs
The analytic expressions of three-loop coefficient functions contain harmonic polyloga-
rithms up to transcendental weight 5. To facilitate straightforward numerical implementa-
tion, we provide a numerical fitting to all the coefficient functions. Following ref. [76], we
use the following elementary functions to fit the results,
Lx ≡ ln x , Lx̄ ≡ ln(1 − x) , x̄ ≡ 1 − x . (3.12)
For two loop and three loop coefficient functions, we fit the exact results in the region
10−6 < x < 1 − 10−6 (Numerical evaluation of HPLs are made with the HPL package [77]),








In more detail, we subtract the x → 0 and x → 1 limits up to next-to-next-to-leading power
(x1 and (1 − x)1). Then we fit the remaining terms in the region 10−6 < x < 1 − 10−6.
Combining the two parts, the fitted results can achieve an accuracy better than 10−3 for
0 < x < 1. We show below the numerical fitting with six significant digits. The full
numerical fitting is provided as supplementary material attached to this paper. The one
loop scale independent coefficient functions are given by
I(1)qq (x) = 2.66667x̄ , (3.14a)
I(1)qg (x) = 2x x̄ , (3.14b)
I(1)gq (x) = 2.66667x , (3.14c)




























x + 1.21562Lx − 3.60403
)
+ x2(0.000306717L3x − 1.77306L
2





x − 5.33333Lx + 1.89369
)
+ 0.444444L3x
− 0.666667L2x + 2.66667Lx − 0.00131644x




qq̄ (x) = I
(2)





x + 391.31Lx − 479.112
)
+ x2(1.73989L3x + 29.5744L
2





x − 1.33333Lx + 6.98894
)
+ 0.148148L3x
− 1.33333Lx + 1.66959x
5 − 60.5553x4 − 0.444444x̄ − 2.90423 ,
I(2)qq (x) = I
(2)















0.444444L2x + 1.48148Lx + 2.36991
)
+ 0.444444L2x + 1.48148Lx
+ 0.0178399x5 − 0.246399x4 + 4.24691x̄ − 7.90123
}
+ x3(3.49597L3x − 18.6432L
2
x




















+ 22.2222Lx̄ + x̄
(






x − 11.5556Lx + 1.87655
)
− 0.740741L3x − 2.L
2
x − 8.Lx + 0.070919x
5 − 2.2589x4 − 10.2974 ,
(3.15c)
























+ 0.777778L3x − 1.16667L
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x + 21.5425Lx − 103.137
)
+ x2( − 1.00863L3x − 20.4656L
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I(2)gq (x) = Nf
{








+ 0.888889L2x̄ + 1.18519Lx̄ + x̄
(
0.888889L2x̄ + 4.74074Lx̄ + 8.49383
)





















x − 39.1111Lx + 48.9377
)
− 4.14815L3x













− 1.48148L3x̄ − 4.88889L
2
x̄




x̄ − 41.7778Lx̄ − 68.9101
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x + 22.6667Lx + 36.
)
− 2.Lx̄

























x − 269.Lx + 221.873
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− 36.L2x̄ + 6.Lx̄
+ x̄
(
18.L2x̄ − 6.Lx̄ − 352.048
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qq̄′ (x) , (3.16)
where
dABCdABC = 4Tr[T
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+ 307.912 + x3(1.80474L5x
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I(3)gg (x) = −6265.65x
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3.2.2 Numerical fit for TMD FFs
Following the same approach, we give in this subsection the results for TMD FFs. The
one-loop scale-independent coefficient functions are given by
C(1)qq (z) = z
3 (6.88266Lz −7.0639)+z






−10.6667Lz +z (5.33333Lz −5.33333)−8.z̄+8. , (3.19b)
C(1)qg (z) = z (2. −4.Lz)+z
2 (4.Lz −2.)+2.Lz , (3.19c)







+z (48.Lz +11.9952) . (3.19d)
The two-loop scale-independent coefficient functions are given by
C(2)qq (z) = C
(2)















0.444444L2z − 0.888889Lz − 3.55556
)
+ 0.444444L2z
− 8.Lz − 1.67901z̄ − 0.00933333z
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− 3.55556L2z − 8.44444Lz − 0.444444z̄ − 1.48376z
6 + 20.64z5 − 282.996z4
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− 7.33333L2z − 48.Lz +
7.11111L2z + 3.55556Lz − 1.45999
z
+ 1.33333z̄ − 0.000213858z6 + 0.00372439z5 − 0.0868925z4 ,
(3.20e)
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The three-loop scale-independent coefficient functions are given by
C(3)qq (z) = C
(3)
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− 2.43621L2z + 8.82305Lz − 7.57543z̄ − 0.0139459z
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q̄q (z) = C
(3)
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C(3)gq (z) = Nf
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C(3)qg (z) = −199.178z
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C(3)gg (z) = 13587.6z





− 895202.L3z − 506008.L
2
z − 6.67683 × 10
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4 Small x expansion of unpolarized TMD coefficients and resummation
for TMD FFs
In this section we give the results for TMD PDFs and FFs expanded in high energy limit,
namely x, z → 0. A striking difference between space-like TMD PDFs and time-like TMD
FFs is that there is only single logarithmic enhancement in each order of perturbative ex-
pansion in TMD PDFs, while in TMD FFs it becomes double logarithmic enhancement.
We also resum the small-z logarithms in TMD FFs to Next-to-Next-to-Leading Logarith-
mic (NNLL) accuracy in this section.
4.1 Small-x expansion of unpolarized TMD PDFs
Using the analytic expression we obtained, it is straightforward to obtain the small-x
expansion. At leading power in the expansion, the results read
xI(2)qq (x) = xI
(2)
qq′ (x) = xI
(2)
qq̄ (x) = xI
(2)









xI(3)qq (x) = xI
(3)
qq′ (x) = xI
(3)











































































































































CF Nf TF ,

















































































































































CF Nf TF ,






















































































































We note that a LL prediction for the small-x expansion has been given in [78]. After fixing
a typo in that paper, we find full agreement with its LL prediction for both quark and
gluon TMD PDFs at small x.1 It would be very interesting to extend the formalism of [78]
beyond LL and compare with the data presented here.
4.2 Small-z expansion of unpolarized TMD FFs
To facilitate small-z resummation for TMD FFs, we shall consider the coefficient functions
in flavor singlet sector below, since non-singlet TMD FFs are at most logarithmic divergent,
but not power divergent in the z → 0 limit. The flavor singlet (denoted by a superscript s)








C̃qq(z) = Cqq(z) + Cq̄q(z) + (Nf − 1)(Cq′q(z) + Cq̄′q(z)) , (4.6)
and Cij(z) are scaleless coefficient functions as appeared in the solutions of RG equa-
tion (3.6).
In contrast to TMD PDFs, which contribute a single logarithm at each perturbative




















where as = αs/(4π) is our perturbative expansion parameter. The small-z data for quark
fragmentation in the singlet sector are (non-singlet sector results are suppressed in the

















z → 0 limit)
zĈs(1)qq (z) = 0 ,
















































































































zĈs(1)gq (z) = 8CF lnz ,























































































































































































































































zĈs(1)qg (z) = 0 ,

































































































































































zĈs(1)gg (z) = 8CA lnz ,










































































































































































































































We note that while both Ĉsqi and Ĉ
s
gi has double logarithmic expansion in the small-z limit,
the power of leading logarithmic terms of Ĉsqi is lower by 1 than the corresponding leading
logarithmic terms of Ĉsgi.
4.3 Resummation of small-x logarithms for unpolarized TMD FFs
In this subsection, we shall derive the all-order resummation at NNLL accuracy (resum-

















this end, we begin with the unrenormalized version of collinear factorization formula in











kj(z, ǫ) , (4.12)
where the convolution is in z. Note that Fsi/j(z, ǫ) is a quantity to which the usual strong
coupling renormalization, zero-bin subtraction and operator renormalization have been
performed. However renormalization of collinear FFs has not been performed, which is
why we still keep the ǫ dependence in (4.12). From now on we concentrate on the scale-
independent part of the coefficient functions by setting all the scale logarithms to zero. We
can do this because the scale logarithms depends either on anomalous dimension, which
has no z dependence, or on time-like splitting functions, whose small-z behavior is known
to NNLL accuracy [57]. It proves convenient to work in Mellin-N space also, which is
defined as
F(N, ǫ) = M [F(z, ǫ)] :=
∫ 1
0
dz zN−1F(z, ǫ) , (4.13)











































The collinear FFs in MS scheme evolve with time-like splitting functions. In Mellin
moment space it reads
d
d ln µ2
d̂s(N, ǫ) = 2d̂s(N, ǫ) · γ̂T (N) , (4.17)
where γ̂T (N) is the time-like singlet splitting function in Mellin space. Its complete NNLO
results can be found in [50], see also [51–53].
The crucial observation of [56] is that unrenormalized collinear functions have specific
singular behavior in the limit of small-z in dimensional regularization. In the case of TMD
FFs, we can write down an general ansatz at small z,
F
s(n)
































































gi is the leading term in the ǫ expansion and small-z expansion, whose knowl-
edge correspond to LL resummation as labeled in (4.18), and similarly for other terms.
Precisely, for Ĉsgi(z) the LL series correspond to α
n
s ln
2n−1 z terms, while NLL correspond
to αns ln
2n−2 z, and NNLL to αns ln
2n−3 z. For Ĉsqi(z) the corresponding power of ln z is
lower by 1. We have verified this general ansatz through explicit N3LO calculation from
its operator definition in (2.6) and (2.7). In Mellin space the corresponding ansatz reads
F
s(n)



































qi + . . .
)
. (4.19)
Equations (4.18) or (4.19) provides a way to resum all the large logarithms of z. Specifically,
if one knows all the c1,l,ngi for all l and n, then one can do LL resummation for F
s
g/i, and sim-
ilarly for NLL and NNLL resummation. In this paper instead of working out the constants
for all n, we provide results for n up to 15, which is sufficient for phenomenological purpose.
We note that the neglected terms in (4.19) are higher orders in ǫ and in N . To facilitate
easy extraction of the constants, it is convenient to define a “small-z” weight:
[N ] = 1 , [ǫ] = 1 , [numbers] = 0 , (4.20)
such that c
(m,l,n)
gi corresponds to the weight −(2n − 1) − 1 + (m − 1) = m − 2n − 1 terms
in the small N expansion for F
s(n)
g/i . For NNLL resummation, only m = 1, 2, 3 are needed.
In order to determine the constants relevant for NNLL resummation in (4.18) for all
l and n, it turns out that only finite number of input is needed. Let us analyse eq. (4.19)
in more detail, taking F
s(n)
g/i (N, ǫ) as an example. To LL accuracy, one need to determine
n unkown coefficients c
(1,l,n)
gi with l = 0, · · · n − 1. The lowest order of ǫ appearing in the
ansatz F
s(n)
g/i (N, ǫ) is ǫ
−2n+1. Therefore expanding ǫ to order
(−2n + 1) + (n − 1) = −n (4.21)
gives us n conditions and is enough to determine the n unknowns at LL accuracy. To
acheive NNLL accuracy, one only needs two more power of ǫ expansion, that is we need
to know F
s(n)
g/i (N, ǫ) to order ǫ
−n+2. Similar analysis shows that we also need to know
F
s(n)
q/i (N, ǫ) to order ǫ
−n+2 to achive NNLL accuracy.
Having this important information in hand, let us contrentrate on the right hand side
of eq. (4.15), which generates the necessary ǫ poles. The dimensionally regularized partonic
FFs d̂s(N, ǫ) in MS scheme is purely divergent in ǫ and can be determined easily by solving
eq. (4.17) order by order in αs,























where we have traded d ln µ2 for das with the help of the (4 − 2ǫ)-dimension beta function,
das
d ln µ2















k+1γ̂Tk , the solutions can be





































































































As explained above, to NNLL accuracy, we need to determine the coefficients of the pole
terms in F
s(n)
g(q)/i to order ǫ
−n+2. Since the matching coefficients Ĉsg(q)i(N, ǫ) in (4.15) must
be finite in the limit of ǫ → 0, we need to determine the coefficients of the pole terms in d̂sn
also to order ǫ−n+2. Also recall that d̂sn are function of N and we are only interested in the
small N limit. For NNLL resummation we only need to keep the terms in d̂sn with “small-z”
weight up to 2−2n, see eq. (4.20). We also note that the lowest weight term in γ̂Tn is 1−2n,
corresponding to the leading 1/N
2n−1
pole. Using these information it can be shown that
the required inputs for d̂sn to achieve NNLL accuracy are β0 and γ̂
T
0,1,2. One can check that
this is indeed the case frm eq. (4.24), where explicit examples for n ≤ 4 are shown.
Having known the general form of counter terms d(N, ǫ) to any order in αs, and the
fact that the coefficient function Ĉsg(q)i is finite in the ǫ → 0 limit, we can solve eq. (4.15)
recursively to get the coefficient for the required pole terms in Fsg(q)/i, order by order in
















Note that although we have the explicit results for F
s(3)
g(q)/i from direct calculation, they are
not needed for predicting the small-z logarithms at NNLL accuracy. Rather they can be
used as a check for our resummation.
Following the approach outlined above, we have determined the coefficients of ǫ poles
in F
s(n)
g(q)/i up to ǫ
−n+2 for n ≤ 15. From these coefficients we solve for the LL to NNLL
constants defined in (4.18). Expanding the results in ǫ gives us the resummed NNLL series




























Figure 1. Coefficient functions for quark TMD FFs. Shown in the plots are fixed-order results at
NLO, NNLO and N3LO, as well as adding the higher-order resummation contributions truncated
to order α15s .
that a truncation of perturbative series at α15s leads to a less that 1% relative uncertainty.
The analytic expressions for the truncated resummed perturbative series can be found in
the supplementary material attached to this paper.


































− 1 . (4.27)
It’s interesting to note that eq. (4.27) coincides with that of the transverse coefficient
functions for semi-inclusive e+e− annihilation [56, 79].
In figure 1 and 2 we plot the fixed-order coefficient functions and with different orders
of small-z resummation. We use Nf = 5 throughout the calculations. We note that even
at N3LO, the effects of resummation is important for z < 10−2.
5 Conclusion
In summary we presented calculations for the unpolarized quark and gluon TMD PDFs
and FFs at N3LO in QCD. The unpolarized quark TMD PDFs at N3LO have already been
reported in ref. [47]. The rest of the calculations are new. Unpolarized quark and gluon
TMD PDFs have also been calculated in [48] recently using an independent method, whose
results are in full agreement with ours.2
2Except for a minor error in an anomalous color factor in [47], which has been corrected in the arXiv

































Figure 2. Coefficient functions for gluon TMD FFs. Shown in the plots are fixed-order results at
NLO, NNLO and N3LO, as well as adding the higher-order resummation contributions truncated
to order α15s .
Our calculations for TMD PDFs are based on the method proposed in [47], which in
turns is based on decomposition of light-cone correlators into phase space integration of
collinear splitting amplitudes of different multiplicities. The advantage of this decomposi-
tion is that it allows better understanding of the analytic continuation property of TMD
PDFs and FFs [50]. Using the analytic continuation prescription of [50], we successfully
obtained the N3LO TMD FFs from corresponding TMD PDFs, without the need to com-
pute everything from scratch. Our results open the avenue for precision phenomenology of
TMD physics at N3LO in perturbative QCD.
We also provide threshold and high energy asymptotics of TMD PDFs and FFs through
N3LO by expanding the corresponding analytic expressions. The high energy (small-z)
limit of TMD FFs features double logarithmic enhancement, in contrast to the single log-
arithmic enhancement of TMD PDFs. We resum the small-z logarithms through NNLL
accuracy using a method proposed in [56]. The resummation leads to better behaved
perturbative convergence for z < 10−2.
Our method of calculation is general and is not limited to unpolarized distribution.
Works towards to polarized TMD distributions at N3LO are in progress.
Note added. A few days after this paper appeared, an independent calculation for un-
polarized quark and gluon TMD FFs at N3LO was submitted to arXiv [80]. During private
communication, the Authors of [80] uncovered a minor error in one of their routine for
analytic continuation. After fixing it, they found full agreement with our results.
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A QCD beta function
The QCD beta function is defined as
dαs
d ln µ

















































For all the anomalous dimensions entering the renormalization group equations of various









where the coefficients for quark are given by
Γ
cusp

































































































































C2F Nf TF .






















































































Since cusp and soft and rapidity anomalous dimensions exhibit Casimir scaling, the corre-
sponding anomalous dimensions for gluon could be obtained by multiplying in above with
CA/CF .
The beam anomalous dimensions do not exhibits Casimir scaling, thus should be list
separately. The beam anomalous dimensions for quark are



















































































































































































The cusp anomalous dimension Γcusp can be found in [65]. The beam anomalous dimension
γB is related to the soft anomalous dimension γS [82] and the hard anomalous dimensions
γH [83–85] by renormalization group invariance condition γB = γS − γH . The rapidity
anomalous dimension γR can be found in [69, 73]. Note that the normalization here differ
from those in [69] by a factor of 1/2.
C Renormalization constants
The following constants are needed for the renormalization of zero-bin subtracted [64] TMD















































































































































































































































































Keep in mind that the anomalous dimensions appeared above depends on the flavor, they
should be replaced by the corresponding values in section B. We also remind the reader
that the renormalization constants are formally identical for TMD PDFs and TMD FFs,
the logarithms appeared above should be replaced by their corresponding values in each









with b0 = 2 e
−γE for both TMD PDFs and TMD FFs.
For TMD PDFs,




while for TMD FFs,
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